Topological Hall Effect in Magnetic Nanostructures by WU SHIGUANG GABRIEL
TOPOLOGICAL HALL EFFECT IN
MAGNETIC NANOSTRUCTURES
WU SHIGUANG, GABRIEL
(M. Sc, University of Cambridge)
A THESIS SUBMITTED
FOR MASTER OF ENGINEERING
DEPARTMENT OF ELECTRICAL ENGINEERING
NATIONAL UNIVERSITY OF SINGAPORE
2012
Acknowledgements
I would like to thank my supervisor A/Prof. Mansoor Jalil for his guidance
and advice during the course of my project, my co-supervisor, Dr. Tan Seng
Ghee whose many stimulating questions make for interesting discussions dur-
ing group meetings. I would also like to thank my good friend and collaborator
Lee Ching Hwa, whose generosity with his knowledge and deep insights gave
rise to results that make up a substantial portion of this thesis.
I would also like to acknowledge my group mates past and present - Sui
Zhuo Bin, Ho Cong San, Khoo Jun Yong, Takashi Fujita, Joel Panugayan and
Ma Min Jie, for contributing to the stimulating reseach atmosphere of our group
as well as providing the practical help needed for conducting research (e.g. the
LATEXtemplate for typing this thesis!).
Finally, I would like to thank my collegues in DSI - Dr Chee Weng
Koong, the research scientist seating beside me, for his constantly available
advice on his expertise in the experiments and the field of spintronics, and on
research in general. To Dr Jacob Wang Chen Chen and Mr Chandrasekhar Mu-
rapka for helping me with using the OOMMF package to run the micromagnetic






List of Figures viii
List of Symbols and Abbreviations 1
Publications 2
1 Introduction 3
1.1 Motivations - Technological Backdrop . . . . . . . . . . . . . 3
1.2 Objectives - the Topological Hall Effect . . . . . . . . . . . . 5
1.3 Organization of Thesis . . . . . . . . . . . . . . . . . . . . . 9
2 Developments Leading Up To the Discovery of the Topological Hall
Effect 12
2.1 The Hall Effects . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Hall Effect in Non-Magnetic Material . . . . . . . . . . . . . 14
2.2.1 Hall Effect . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2 Quantum Hall Effect and the Shubnikov-de Haas Os-
cillation . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2.3 Fractional Quantum Hall Effect . . . . . . . . . . . . 18
2.2.4 Quantum Hall Effect and the Topological Hall Effect . 19
2.3 Effects of Current Through a Magnetic Material . . . . . . . . 20
2.3.1 The Anomalous Hall Effect . . . . . . . . . . . . . . 21
2.3.2 Giant Magnetoresistance . . . . . . . . . . . . . . . . 22
2.3.3 Spin Transfer Torque . . . . . . . . . . . . . . . . . . 23
2.4 Spin Hall Effect and Spin Orbit Interactions . . . . . . . . . . 24
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
iii
Contents iv
3 Deriving the Topological Hall Conductivity 27
3.1 Karplus Luttinger Theory . . . . . . . . . . . . . . . . . . . . 28
3.1.1 Quantum Hall Effect . . . . . . . . . . . . . . . . . . 32
3.1.2 Application of Karplus Luttinger Theory to Conduction
Electrons in Magnetic Domains . . . . . . . . . . . . 34
3.2 Equivalence with Previous Result . . . . . . . . . . . . . . . 36
4 Topological Hall Effect in Magnetic Nanostructures 41
4.1 Evaluation of the Topological Hall Effect . . . . . . . . . . . 42
4.1.1 Evaluating THE on Analytical Expressions of Magnetic
Profiles . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.1.2 Evaluating THE on Micromagnetic Domains . . . . . 46
4.2 Topological Hall Effect of a Vortex State . . . . . . . . . . . . 49
4.2.1 Polarity, Chirality, and Helicity . . . . . . . . . . . . 49
4.2.2 Topological Hall Conductivity of a Vortex State . . . . 51
4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5 Vortex MRAM Background 54
5.1 The Vortex Ground State Postulate and Evidence . . . . . . . 55
5.2 The Landau Lifshitz Gilbert Slonczewski Equation and Micro-
magnetic Simulations . . . . . . . . . . . . . . . . . . . . . . 57
5.2.1 The LLG Equation . . . . . . . . . . . . . . . . . . . 57
5.2.2 LLG and Spin Transfer Torque . . . . . . . . . . . . . 58
5.2.3 Vortices and the LLGS Model . . . . . . . . . . . . . 59
5.3 Electrical Switching of Vortex Polarity by Alternating Currents 61
5.4 Existing Vortex MRAM Schemes . . . . . . . . . . . . . . . . 63
5.4.1 Bit Stored in Vortex Polarization . . . . . . . . . . . . 64
5.4.2 Bit Stored in Vortex Handedness . . . . . . . . . . . . 65
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6 Vortex MRAM Proposal 68
6.1 Abstraction of a Single Bit Memory Element . . . . . . . . . 69
6.2 Proposed Implementation of the Topological Hall Effect Mem-
ory Element . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2.1 Voltage Controlled Current Source . . . . . . . . . . . 71
6.2.2 Current Spin Polarizer . . . . . . . . . . . . . . . . . 73
6.2.3 Vortex Ground State Permalloy Disc . . . . . . . . . . 74
6.3 Topological Hall Effect Read Mechanism . . . . . . . . . . . 75
6.4 Spin Polarized Current Write Mechanism . . . . . . . . . . . 77
6.4.1 Micromagnetic Simulation . . . . . . . . . . . . . . . 78
6.4.2 Simulation Parameters and Procedure . . . . . . . . . 78
6.4.3 Simulation Specifics . . . . . . . . . . . . . . . . . . 80
Contents v
6.4.4 Dynamics of Prototypical Simulation . . . . . . . . . 81
6.4.5 Result and Remarks . . . . . . . . . . . . . . . . . . 83
6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
7 Further Work and Conclusion 87
7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.2 Further Work . . . . . . . . . . . . . . . . . . . . . . . . . . 88
A Differential Geometry 90
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
A.2 Base Manifold . . . . . . . . . . . . . . . . . . . . . . . . . . 91
A.2.1 Charts . . . . . . . . . . . . . . . . . . . . . . . . . . 92
A.2.2 Tangent Vector . . . . . . . . . . . . . . . . . . . . . 93
A.3 Fiber Space, Covariant Derivative, Connection, Parallel Transport 96
B Electromagnetic Vector Potential, Curvature, and the Aharonov Bohm
Effect 100
B.1 Curvature of Fiber Space . . . . . . . . . . . . . . . . . . . . 104
B.2 Adiabatic Processes and the Connection . . . . . . . . . . . . 108
Summary
We derived topological Hall effect for currents that pass adiabatically through
magnetic materials that have continuous magnetizations directly from the Karplus
Luttinger theory, and found an important implication that a Hall conductivity
could deduce the polarity of a magnetic profile in the vortex state. This is a sig-
nificant discovery as it may allow one to electrically detect binary information
stored in the polarity of a magnetic vortex that is the natural ground state of a
permalloy disc.
Having found this implication, that we proposed an experimental set up
that could verify our deduction. The dimensions of our set up are based on
similar experiments of magnetic vortices and the magnitude of the electrical
measurements we make are based on measurements that have been obtained in
previous experiments. Under these circumstances, we compute the magnitude
of the topological Hall effect in a sample of the size of a 100nm in radius to be
vi
Summary vii
in the 10 to 100nV range. While small, this is a reasonable value that can be
detected in the laboratory.
We then set forth to study if our proposal to impose the polarity on a mag-
netic vortex was attainable. We did this using a micromagnetic simulation of a
simple set up of a uniform spin current incident on a permalloy in a magnetic
vortex state. We discovered that such a simple effect does not yield the desired
result as the remnants of the previous vortex state remained even when the mag-
netization in the disc seemed saturated by the spin current. We also find that the
magnetization settled chaotically into the vortex ground state, hence giving rise
to an effectively unpredictable final vortex polarity.
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1.1 Motivations - Technological Backdrop
The cheap and abundant memory capacity that we find in today’s hard disk
drives plays a critical role in the function of modern computer systems. For
over sixty years, hard disk capacity has sustained an exponential rate of in-
crease,1 time and again bucking predictions made of an ultimate limit to the
trend.14 This sustained pace of improvement is brought about through discov-
eries that negated the reasons that underly such limitations, and in the process
they usher in new technologies that allow storage capacity to continue its expo-
nential increase.
Currently, hard disc drives are built on technologies like the perpendic-
ular media and the giant magnetoresistance physics. These technologies have
enabled stable magnetization to occur on smaller magnetic domains and corre-
spondingly sensitive measurements of its orientation. However, it is foreseen
that a limitation to the naive scaling of this technology will occur in the super-
3
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Figure 1.1: The increase of magnetic storage capacity with the passing of the
years.1
paramagnetic limit, where the stability of the magnetization shrinks drastically
from hundreds of years to seconds.
Such limitations in naive scaling of existing technology mean that rad-
ically different approaches may be required for improvements to continue at
the current rate. This has in the past taken the form of new physics like the
GMR whose discovery was made by the microscopic technology brought about
through our previous experience with working in the microscopic domain.
While there are many ideas for novel ways to improve hard disk capac-
ity beyond the limits of current technology like PCRAM, FeRAM, MRAM,
molecular memories, and racetrack memory, there are also new physical the-
ories whose implications on the hard disk technology have not been fully ex-
plored yet. The topological Hall effect is one such theory, and in this thesis we
aim to present the effect and its results, as well as deduce its implications in
relation to hard disk technology. We make this deduction bearing in mind and
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the possibility that it might converge with other emerging technologies (such as
our increasing knowledge of magnetic vortices).
1.2 Objectives - the Topological Hall Effect
Since the discovery of the quantum Hall effect15 in 1980, there has been a re-
newed interest in the use of this technique to probe the nature of condensed
matter systems. The existence of the Hall effect16 had been known for a cen-
tury by then, playing an instrumental role in our understanding of solid state
physics which ultimately led to development of the semiconductor devices that
are ubiquitous in our modern lives.
Several derivatives of the Hall effect would emerged, beginning with the
anomalous Hall effect17 (AHE) observed in magnetic materials not long after
the discovery of the Hall effect. The spin Hall effect (SHE) was predicted by
M.I. Dyakanov and V.I. Perel18 in 1971, rediscovered by J.E. Hirsch19 in 1999
and observed using Kerr microscopy by Y. Kato et. al.6 in 2004.
The topological Hall effect (THE) is a mechanism contributing to Hall
effect in a magnetic material, proposed by P. Bruno et. al.20 in 2004 to account
for the Hall conductivity in systems with topologically non-trivial spin textures
that cannot be explained by previous models. The anomalous Hall conductiv-
ity was until then explained by the mechanisms of side jump, skew scattering
and momentum space Berry phase effects.21 These mechanisms however could
not explain features in the Hall conductivity of manganite and pyrochlore type
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compounds, which motivated a theory that had a very different origin.
The topological Hall effect occurs in materials where the magnetization
at each point of the material affects the conducting states available to the con-
duction electron. This is reflected in the two band model22 that will be used to
derive the resultant Hall conductivity.
The Hamiltonian of the two band model is given by the expression





− gσ ·M (r) (1.1)
where g is the coupling constant between the spin and the magnetization,
σ is the vector of 2 × 2 Pauli matrices that gives rise to the two bands, and
M (r) is the magnetization of the sample at each point of the material r. M
in our model is taken to be of a constant magnitude M , and can point in any
direction at each point of the permalloy. This position dependent unit vector
is represented by n(r). Mathematically n is related to M by the following
simple equation,
M (r) = Mn(r) (1.2)
We also note that this magnetization profile may change with time, but
we consider the case where the rate of change in magnetization profile is much
smaller than the rate of propagation of conduction electron through the mate-
rial that the Hall conductivity only depends on the instantaneous magnetization
profile.
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This model embodies the way that the spin of a conduction electron fol-
lows the magnetization direction of the material it travels through. In the con-
text of the topological Hall effect, a conduction electron moving in this manner
through a magnetic conductor is said to be adiabatically transported inside the
material. The word adiabatic is used to convey the idea that we are precisely
modeling the state of the conduction electron, just like we precisely track the
state of an adiabatically evolving thermodynamic system.
In the same way that thermodynamic system are in the adiabatic regime
only when the evolution between the states is slow enough that every intermedi-
ate state is at equilibrium, the condition for adiabaticity in the topological Hall
effect requires the coupling constant gM to be large enough, and the magneti-
zation distribution n(r) to be continuous enough that every intermediate spin
state of the conduction electron is aligned to the magnetization direction.
How does such behaviour of conduction electrons give rise to the Hall
potential? This is where unitary transformation of the model will yield insight-
ful results. In the same way that physical quantities measured against different
coordinate systems give rise to vectors that are related to each other through or-
thogonal transformations, Hamiltonians that can be transformed to each other
under a unitary transformation essentially describe systems with the same dy-
namics. In the case of the topological Hall effect, we are able to transformation
on the two band model Hamiltonian into the electromagnetic Hamiltonian by
a unitary transformation. What the transformation essentially does is that it
changes the basis if the electron spin state from the z-axis of the laboratory
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frame to the magnetization direction at each point of the magnetic conductor.
This unitary transformation gives us the ability to make a direct map-
ping between our system and that of an electronic charge moving in an applied
magnetic field. The Hamiltonian of the latter situation is given by











where A and φ are the magnetic vector potential and electric potential
respectively, and c is the speed of light.
The analogy is made after subjecting the two-band model to a a uni-
tary transformation H ′ = T †HT , with T (r) satisfying the condition T †(r)(σ ·
n)T (r) = σz, into the form











where Ai(r) = −2piiφ0T †(r)∂iT (r), φ0 = hc/|e|.
The adiabatic condition implies that all the electrons will be in the ener-
getically more favourable band. The Hamiltonian of this state is now














and V (r) = (~2/8m)(∂inµ)2, µ =
x, y, z.
From this analogy, we have found that electrons moving adiabatically
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through a magnetized material gives rise to a Hall conductivity as if a B-field
of the following profile were acting on a simple electronic charge.
Bt = ∂xay − ∂yax = φ0
4pi
µνλnµ(∂xnν)(∂ynλ) (1.6)
This expression is called the topological B-field or Bt because it arises
from the topology of the magnetization profile, and results in the Hall effect as
if B-field of that distribution were incident on the two dimensional conductor.
Hence we have described the essence of the topological Hall effect. We
will be going through the derivation more rigourously in Chapter 3, and de-
riving the Hall conductivity on different magnetization configurations. We will
also calculate the magnitude of the effect using dimensions of a possible mem-
ory device to investigate if the figures that occur make it ripe for exploiting it in
such applications.
1.3 Organization of Thesis
In summary, the organization of this thesis is as follows.
In Chapter 2 we will begin with a review of the significant developments
that led up to the discovery of the topological Hall effect. This includes the
range of Hall effects that can be classified into the categories Hall effect in non-
magnetic material, Hall effect in magnetic material, and the spin Hall effect.
We will also examine a few spintronics effects like the Shubnikov-de
Haas oscillations that is observed along side the quantum Hall effect, and the
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giant magnetoresistance effect that occur together with the anomalous Hall ef-
fect because they involve currents passing through magnetic materials.
In Chapter 3, we demostrate the derivation of the topological Hall effect
fron the Karplus Luttinger theory, using results that are found in the appendices.
We also interprete the result, and motivate our investigation of the effect on
magnetization profiles.
In Chapter 4, we derive the Hall conductivity due the magnetization pro-
file for the cases when the magnetization profile is expressed in its analytical
form, and when it is expressed in a discrete form.
The magnetization patterns in an analytical form can be categorized into
three families, these are vortices, skyrmions, crowns. The magnetization pat-
terns in discrete form are taking from the output of micromagnetic results.
These derivations give us an intuition of the nature of the topological Hall con-
ductivity, in particular we would observe that the sign of the topological Hall
conductivity is related directly to the polarity of a magnetic vortex. This ob-
servation leads to the idea of harnessing it as the read mechanism for a vortex
MRAM.
Motivated by this observation, we survey the present state of vortex MRAM
in Chapter 5. We look at the first verification of the vortex state in permal-
loy discs in the year 2000, and the use of the LLGS (Landau Lifshitz Gilbert
Slonczewski) equation to model the interation between a incident current and
magnetization profile, as well as examine the existing proposals for a vortex
MRAM device.
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After surveying this background, we go on to propose a vortex MRAM
devices in Chapter 6. This device stores the bit in the polarization of the vor-
tex, which we propose to use topological Hall effect as a read mechanism for
the device. The magnitude of the effect is computed and it serves to verify if
the numbers make sense for a practical memory device, and also helps to give
a ballpark figure that can be used to guide potential experiments that seek to
verify the phenomenon.
We also propose a complementary write mechanism using a spin polar-
ized current, and study the viability of this proposal using LLGS micromagnetic
simulations of spin currents incident on a magnetic vortex. This is done to make
the proposal more complete.
And we finally conclude the thesis in Chapter 7, with suggestions about
how the work can be pursued further.
Chapter 2
Developments Leading Up To the
Discovery of the Topological Hall
Effect
As we have introduced in the previous chapter, the topological Hall effect is the
part of Hall conductance that is dependent on the magnetization profile of the
conductor that a current passes through. In this chapter, we review the important
development in condensed matter that led up to this postulate, and explain the
theory in detail.
Our reviews will be centered on the Hall effects and spintronic effects
like giant magnetoresistance (GMR) and spin transfer torque (STT). The Hall
effects are studied to understand the role it plays in our understanding of con-
densed matter, and spintronics effects demonstrate how an obscure physical
attribute of the electron could manifest as a phenomenon with important appli-
12
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Figure 2.1: Overview of physical phenomena related to the topological Hall
effect.
cations.
2.1 The Hall Effects
Hall effects is the term used to describe current flow or voltage induced in the
direction perpendicular the driven current in a planer conductor. There are many
derivatives of the Hall effect, and in this chapter we will review three categories
of Hall effects that are most closely related to the topological Hall effect, and
electron transport phenomena that are closely related to them. Figure 2.1 shows
the overview of the areas that we cover in this review.
The topological Hall effect is eventually derived as the fourth mecha-
nism for explaining Hall conductivity data in a magnetized material with non-
uniform magnetization. This review serves to lay the foundation upon which
we derive the THE theory in the next section.
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We group the effects that we review into the following three categories:
1. Hall Effects in non-magnetic material
2. Hall Effect in magnetic material (The Anomalous Hall Effect)
3. Spin Hall Effect
2.2 Hall Effect in Non-Magnetic Material
As it is reflected through the shade of red used in Figure 2.1, the Hall ef-
fect, quantum Hall effect, and fractional quantum Hall effect are part of the
same measurement of transverse conductivity but occuring at larger and larger
strengths of the applied magnetic field. They are given different names because
of the qualitatively different patterns they display. One can deduce the Hall
effect as the low field limit of the quantum Hall effect, and the quantum Hall
effect as the low field limit of the fractional quantum Hall effect.
To appreciate the roots of the topological Hall effect, we shall take a step
back in history in order to understand the sequence of discoveries that led to
this development.
2.2.1 Hall Effect
The Hall effect originated with Edwin Hall proposing to probe the origin of the
force acting on a current carrying conductor in a magnetic field with an experi-
ment that now bears his name. Back in 1879, the existence of electrical currents
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and magnetic fields were well known, with the effect of one on the other cap-
tured by Faraday’s law23 . The macroscopic understanding of electrodynamics
had been comprehensively developed by Maxwell23 in the earlier half of the
century, and Hall was about to help usher in a means to inquire further into the
microscopic nature of electromagnetism and matter that would ultimately lead
into the realm of the quantum world.
Hall asked if the force exerted on a current carrying conductor by a mag-
netic field acted on the current carriers or the conductor itself. It was known
that as the force exerted on the conductor was only dependent on the magni-
tude on the current flowing through it and not on the material that the conductor
was made of, he reasoned that this hinted that the force was in fact acting on
the current carriers not the conductor itself. Hall hypothesized that if this were
the case, an electromotive force should arise from the charge carriers pushing
against the edge of the conductor. Hall eventually detected the effect in an ex-
periment done on a gold leaf, and found the voltage generated to be proportional
to the applied magnetic field. This was compelling evidence of the hypothesis.
At a time before the existence of the electron was known, the validation of
Hall’s hypothesis was a revolutionary step in our understanding of materials.
The Hall effect provided an insight into the material that it propagates
through. Subsequently, extensive studies of the Hall effect was carried out on a
whole suite of conductors, and the proportionality constant between the trans-
verse voltage and the applied magnetic field, the Hall coefficient, was found to
correlated with the number of valence electrons in most materials (Figure 2.2).
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Figure 2.2: Hall resistivity is proportional to applied magnetic field. This pro-
portionality constant (the Hall coefficient) is closely related to the valency of
the metal.2
However, the rule did not apply to all materials equally.
One group of conductors that deviated from this rule occurred in mag-
netic materials. This deviation is known as the anomalous Hall effect, and it
is a result of complication associated with the magnetizations such as magnetic
impurities and the band structure of the magnetic material. The topological Hall
effect is another mechanism proposed to explain the anomalous Hall effect in
magnetic materials with non-uniform magnetizations.
2.2.2 Quantum Hall Effect and the Shubnikov-de Haas Os-
cillation
An unexpected deviation from the proportionality of Hall resistivity with ap-
plied magnetic fields occurs when the magnetic field applied becomes large.
The Hall measurements were initially conducted in small applied magnetic
fields of less than 1 Tesla. At these low fields, the Hall resistivities have a linear
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relationship with the applied magnetic field (with the coefficient of this linear
relationship giving the Hall coefficient). However, in large magnetic fields of
around 10 Tesla’s in magnitude, the Hall conductivity deviates from the linear
relationship and form plateaus about integer multiples of the Hall conductivity.
This discovery in 1980 is understood to be caused by the wave like nature
of the conduction electron becoming significant in the regime of a large applied
magnetic field.24 This is similar in origin to the quantum mechanics of electron
orbitals around an atomic nucleus that gives rise to the discrete energy states of
an atom. The plateaus coincide with the oscillation of regular resistivity with
applied magnetic field, known as the Shubnikov-de Haas oscillation.25 This
oscillation is periodic in 1/B and can be obtained from Landau theory which is
the quantum mechanical theory that embodies the idea of the interaction of the
electron with itself.
Landau theory does not predict the Hall conductivity, hence it does not
explain the very remarkable observation that the plateaus in Hall conductivity
occur at precise integer multiples of e2/h, regardless of materials and impurity
levels. This independence of materials and impurity similarly points to the
effect originating from something more universal. von Klitzing was the first
to notice this,15 and this property is very useful for calibrating conductivity
measurements.
To derive an expression for Hall conductivity, the Karplus-Luttinger model26
is used. Along with the Aharanov-Bohm effect,27 I have demonstrated in Ap-
pendix B how such physical phenomena can be understood topologically.
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Figure 2.3: Top: The plataus in the Hall conductivity vs. applied B-field of
the quantum Hall effect. Bottom: The corresponding oscillation in longitudinal
conductivity vs. applied B-field of the Shubnikov-de Haas effect.3
2.2.3 Fractional Quantum Hall Effect
To complete our survey of Hall effects in non-magnetic materials, we have to
mention the fractional quantum Hall effect. The fractional quantum Hall ef-
fect is the occurance of of Hall conductivity plateaus at fractional multiples of
the quantum conductivity28 (notably the 1/3 filling fraction) when a 2DEG is
subjected to even higher magnetic fields.
The this phenomenon is be attributed to electron-electron interaction, but
its theory is much more difficult and is outside the scope of this thesis.
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Figure 2.4: Top: the plataus in the Hall conductivity vs. applied B-field of the
Fractional Quantum Hall Effect. Bottom: corresponding oscillation in longitu-
dinal conductivity vs. applied B-field of the Shubnikov-de Haas effect.4
2.2.4 Quantum Hall Effect and the Topological Hall Effect
While the topological Hall effect occurs in magnetic materials, its origin is
mathematically similar to the quantum Hall effect by virtue of the fact that we
made the mathematical analogy to it. The quantization of Hall conductivity can
be derived from Karplus Luttinger model, which we will show in Chapter 3.
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2.3 Effects of Current Through a Magnetic Mate-
rial
The anomalous Hall effect, giant magnetoresistance and spin transfer torque are
phenomena involving currents being driven through magnetic materials.
In analogy with the Hall effect and the Shubnikov-de Haas oscillations,
the anomalous Hall effect involves the Hall conductivity, ρxy, and the giant
magnetoresistance involves the longitudinal conductivity, ρxx, of a magnetic
material respectively. These effects are known by different names because of
their qualitatively different nature in magnetic materials than in non-magnetic
conductors. In addition to these two distinct phenomena, when a current passes
through a magnetic medium, there also arises the possibility of the current
changing the magnetization of the medium that it is traversing through, this
is the effect of spin transfer torque.29, 30
In this section, we will shall survey the anomalous Hall effect because
the topolgical Hall effect arises directly as a new mechanism to the existing
theories for explaining the anomalous Hall effect. We will then review the giant
magnetoresistance31 because it is an example of magnetization of a material
having a direct effect on the spins of electrons passing through it. And lastly
we will also review the spin transfer torque because it is an effect that we will
propose to use as writing mechanism in a potential vortex MRAM.
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Figure 2.5: The Hall conductivity of Ni at different temperatures.5
2.3.1 The Anomalous Hall Effect
Two years after the discovery of the Hall effect, ferromagnetic materials were
observed to have Hall conductivities that were ten times the usual non-magnetic
conductors, and tapered off at the field which corresponds to the saturation of
the magnetization.17 This was evidence that the magnetization had a significant
contribution to the Hall conductivity.
By 1930, there was sufficient empirical data for Pugh to formulate the
following relation for the AHE.32
ρH = R0H +R1M(T,H) (2.1)
The anomalous Hall effect is a complicated phenomena. It is not helped
by the variety of magnetic conductors where the electron conduction takes place
in the different bands (such as the d− or f− bands) or even a hybrid of bands,
and the multitude of other ways that magnetic conductors could differ and re-
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quire explanation for their relationship to the Hall conductivity (such as impu-
rity or existence of phonon excitation modes). However, out of all the experi-
mental data, three main mechanisms have emerged as to explain the anomalous
Hall effect. They are
1. Side Jump,
2. Skew scattering,
3. Karplus Luttinger’s anomalous velocity.
The side jump and skew scattering mechanisms are extrinsic mechanisms
that originate from impurities. The side jump mechanism is due to electrons be-
ing deflected by an impurity,33 while skew scattering is due to electrons being
scattered asymmetrically by spin orbit coupling caused by the impurity.34, 35
The Karplus Luttinger anomalous velocity is an intrinsic mechanism that is in-
dependent of impurities but dependent on the band structure of the conductor.26
These mechanisms however were not sufficient to explain the behavior of
the anomalous Hall effect in magnetic conductors that had non-trivial magnetic
topology like in pyrochlore materials, which is why the topological Hall effect
was proposed.20
2.3.2 Giant Magnetoresistance
Despite the difficulties in understanding the mechanism responsible for the
anomalous Hall effect, higher level effects like the conductivity of electrons
through a heterogeneous magnetic structure can be easily understood quali-
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tatively, and devices can be engineered based on this principle for functional
purposes.
The giant magnetoresistance effect is the first spintronics effect that trans-
lated immensely into a technological application. Magnetoresistance is the
change of resistance incurred when a material is subjected to an applied mag-
netic field.
In 1988, Albert Fert discovered that the resistance of Fe/Cr/Fe heterostruc-
tures was larger when the magnetizations of the Fe layers were anti-parallel than
when they were parallel.31 This ‘giant magnetoresistance’ resulted in changes
in resistance that were significantly larger than the usual magnetoresistance,
and the phenomena involved the measurement of resistances in the presence of
an applied magnetic field. The effect originates from the vacancy in the con-
duction band being dependent on the spin of the electrons, and its sensitivity to
a magnetic field has made it immensely useful in helping to shrink the size of
hard disk read heads.
2.3.3 Spin Transfer Torque
The opposite phenomenon of spins causing the magnetization to change was
described by Slonczewski and Berger in 1996,29, 30 as evidenced by the obser-
vation of magnetic domain wall motion when a current is passed through a
magnetic wire.
The spin transfer torque is easy to understand qualitatively, being the con-
servation of angular momentum between the spin of the conduction electron and
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the magnetic moment of the magnetic conductor when the spin of the conduc-
tion electron is altered due to the change in available conduction vacancies as it
passes through the magnetic conductor. This phenomenon has been modeled in
micromagnetic programs by the Landau Lifshitz Gilbert Slonczewski (LLGS)
equation, and compared against experiments.
We will review the spin transfer torque and its modelling by the LLGS
equation further in Chapter 5 before we utilize the simulation program in our
own study of a spin current on a magnetic vortex.
2.4 Spin Hall Effect and Spin Orbit Interactions
Figure 2.6: Spin Hall effect detected with Kerr microscopy. The red and blue
regions indicate spins of opposite direcions and are seen to accumulate against
the edges of the sample.6
We have demonstrated how regular Hall effects is the interaction of con-
duction electrons with an applied magnetic field, and the anomalous Hall effect
is the interaction of the spin of a conduction electron with an applied magnetic
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field largely through the magnetization of the conductor. In this section, we
proceed to review the spin Hall effect which originates from the spin orbit cou-
pling occuring between the spin of an conduction electron and its momentum
due to an electric field.
The spin-orbit coupling and the spin Hall effect was originally proposed
by Dyakonov back in 197118 and then again by Hirsch in 199919 and observed
using Kerr microscopy by Kato in GaAs semiconductors 20046 shown in Figure
2.6.
The spin orbit spin orbit interaction can have various origins. Dyakonov
had originally proposed that the spin Hall effect is caused by spins of the elec-
trons interacting with the effective magnetic field that a charge impurity appears
to create in the frame of the moving current carrying charge. This is an extrinsic
effect, depending on the presence of charge impurities in a conductor.
Other spin orbit coupling mechanisms have been proposed by Rashba36
and Dresselhaus37 have proposed spin orbit interaction originating from electric
field due to the structure of the crystal Bulk Inversion Asymmetry (BIA) and
Structure Inversion Asymmetry (SIA).
2.5 Conclusion
The Hall effect has played a central role in our understanding of condensed
matter systems, and new discoveries continue to be made, and spintronics is a
field that we are beginning to be able to access through advances motivated by
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our pursuit of denser storage of information.
The topological Hall effect is an offshoot of both these fields, being a
Hall effect that originates from spins being aligned in a direction defined by the
magnetization of the material it is passing through. We proceed to examine this
subject in detail in the next chapter.
Chapter 3
Deriving the Topological Hall
Conductivity
Having reviewed the developments leading up to the discovery of the topolog-
ical Hall Effect, we are now ready to derive the topological Hall Effect itself.
The topological Hall Effect has been proposed and derived by the method of
analogy described in Chapter 1, but there is no compelling reason that the anal-
ogy should work. In this chapter, we endeavor to establish the relationship
between the magnetization profile and the Hall conductivity more explicitly.
We do this by first examining how Luttinger theory is applied to deriving
the Hall conductivity in the regular Hall Effect, we then apply it in a similar
manner to the two band model of an electron passing through a magnetized
material. Next, we show that this is the same result as the analogy made be-
tween the two band model and the Hall effect through the topological B-field
that we introduced in Chapter 1. We then examine the topological meaning of
27
3.1 Karplus Luttinger Theory 28
the expression. This will set the stage for deriving the topological Hall conduc-
tivity of magnetic nanostructures with a smooth magnetization distribution in
the following chapter.
3.1 Karplus Luttinger Theory
The Karplus Luttinger anomalous velocity is used to explain the intrinsic anoma-
lous Hall conductivity (the component that is independent of impurities). It is
derived from the electron states, and depends on the band structure over the
Brillouin zone. It is also useful for understanding the quantization of the Hall
conductivity when used together with Landau theory which explains the rela-
tion with applied magnetic field.
1. First, the velocity operator is derived from Ehrenfest theorem.





2. Next, the Hamiltonian for an electron in a magnetic field with a potential




+ V (r) (3.2)
Where
i. the applied magnetic field,B, is taken to be uniform over the conductor
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and equal to
B =∇×A (3.3)





iii. the field imposed by the crystalline lattice of the conductor is the
function V (r), where V (r) satisfies
V (r + a) = V (r) (3.5)
and a is an element of the Bravais lattice.
3. TakingA (which contains the applied magnetic fieldB, and current driving
electric potential E) to be a perturbation, we apply Bloch’s theorem to




+ V (r) (3.6)
By Bloch’s theorem, the eigenstates of this Hamiltonian satisfy
ψnq(r + a) = e
i(q·a)ψnq(r) (3.7)
where q is an element of the Brillouin zone.
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Next, transform the Hamiltonian into the crystal momentum space,
H(q) = e−i(q·a)H(r)ei(q·a) =
(pˆ+ ~q)2
2m
+ V (r) (3.8)
The transformed eigenstates is
unq(r) = e
−i(q·a)ψnq(r) (3.9)
and is the cell periodic part of the Bloch function, satisfying the periodic
boundary condition
unq(r + a) = unq(r) (3.10)
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This form will be useful in simplifying the computation later on.
4. Time Dependent Perturbation Theory. When the Hamiltonian is periodic
in time. i.e.
H(t+ T ) = H(t) (3.14)





εn − εn′ (3.15)
Hence the velocity of an electron in the n-th band is given by



























Ωnqt is the Berry curvature.
5. Laughlin’s argument states that the dynamics is gauge invariant. Substituting









+ V (r) (3.18)
Where


















Ωn(k) = i〈∇kun(k)| × |∇kun(k)〉 (3.21)
is the Berry curvature of the n-th band.
The Karplus Luttinger theory thus related the velocity induced by an electric
field to the bandstructure of a conduction band.
3.1.1 Quantum Hall Effect





Hence conductivity, σ, is
J i = σijEj (3.23)









Taking the first term to be the current due to a gradient of the potential from the
unperturbed Hamiltonian, and the second term to be the Hall conductivity, we






































When the applied magnetic field is large, as in the quantum Hall Effect, this
integral is quantized as a multiple of 2pi apart from the transitions between the
different states, hence and explaining the observation that the conductivity is an




Dimensional analysis: The current density, J , here is the two dimensional




. The units for electric field
strenght, E, is J
Cm














= Ω−1. The integral is
hence a unitless integer value.
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3.1.2 Application of Karplus Luttinger Theory to Conduc-
tion Electrons in Magnetic Domains
For the topological Hall Effect, we have a two band model,
H = Mn(r) · σ (3.28)
where n is a unit vector parameterised by θ(r) and φ(r), i.e. n(r) =





















When the electron remains only in the lower energy state, the connection
is
Ar = 〈u−|i∂ru−〉
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similarly,
Aω = 〈u−|i∂ωu−〉





















Then the Berry curvature is














sinθ (−∂rθ∂ωφ+ ∂ωθ∂rφ) (3.34)









This is the origin for the Hall conductivity in a magnetized material due
to the topology of the magnetization encompassed in the quantities θ(r) and
φ(r) over the space r. We will see in the next chapter how this is consistent
with the analogy between the effective B-field and the Hall conductivity due to
a regular B-field.
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Figure 3.1: Example of a magnetization profile. Taken from a submission of a
simulation to MuMAG Standard Problem 3.7
Figure 3.2: Parameterizing the point on the 2D conductor with (r, ω), and mag-
netization direction with (θ, ϕ).
3.2 Equivalence with Previous Result
Our derivation of the topological Hall Effect demonstrates that the Hall con-
ductivity in a two dimensional dilute semiconductor (2D conductor) depends
on the topology of its magnetization. This magnetization is the vector field of
magnetic moments at each point of the 2D conductor, and is expressed as
M (r) = Mn(r) (3.36)
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where M , the magnetization is assumed to have a uniform magnitude M , and
points in direction n, which is a three dimensional unit vector, at the point r on
the 2D conductor manifold.
Here we demonstrate the original derivation of the topological Hall Ef-
fect, beginning with the following Hamiltonian of the electron travelling in a
magnetized sample
H = − ~
2
2m
∇2 −Mn(r) · σ (3.37)
where M denotes the Zeeman field coupling and
n(r) = (sinθcosϕ, sinθsinϕ, cosθ)T (3.38)
is the unit vector denoting the local magnetization of the sample. We
reduce the coupling term to a constant −Mσ3 by subjecting the Hamiltonian to
a local gauge transformation U(r) such that
U †(n · σ)U = σ3 (3.39)
This equation can be solved with U = e−i(g·σ)
θ
2 . where cosθ = n3 and
g = (sinϕ,−cosϕ, 0)T .
The gauge transformation also acts on the gradient operator, resulting in
the transformation ∇ → ∇ + U †∇U where the last term involves a linear
combination of the Pauli matrices.
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We further assume the adiabatic limit - that the magnetization profile is
continuous, which physically corresponds to the absence of grain boundaries
that might lead to a drastic change in magnetization at the interfaces.
In this limit, the diagonals (i.e. σ1 and σ2) terms in the Hamiltonian tend
to zero. the transformed Hamiltonian then becomes20, 38





A(r))2 −Mσ3 + V (r) (3.40)
where V (r) −Mσ3 is an effective scalar potential which differs by 2m
for electrons in the two different spin subbands but whose form is otherwise
irrelevant. The more significant term is the magnetization dependent effective















n · (∂xn× ∂yn) (3.42)











n · (∂xn× ∂yn) dx ∧ dy (3.43)
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where Φ = hc
eS
is the flux quantum per area and dx ∧ dy is the area form.
In spherical coordinates, one has n(r) = (sinθcosϕ, sinθsinϕ, cosϕ)T and







sinθ (∂rθ∂ωϕ− ∂ωθ∂rϕ) dr ∧ dω = nsinθdθ ∧ dϕ (3.44)
Mathematically, (r, ω) the polar coordinates of the 2D conductor lie on
the R2 space, and (θ, ϕ) the magnetization direction are coordinates on the
Bloch sphere in spin space (see Figure 3.2).
The average magnetic field in spin space is








sinθdθ ∧ dϕ (3.45)
Eq. 3.45 relates Bavg to the solid angle covered by the range of the map-
ping n : R2 → S2. It thus measures the number of times this mapping wraps
around the two dimensional unit sphere S2. The following expression, related
to the former via Stokes theorem, expresses Bavg as the geometric phase on the
Bloch sphere traced out by the spin of a hypothetical electron moving around








(±1− cosθ)dϕ = −Φ γ
4pi
(3.46)
In the above, γ is the geometric phase acquired during the electron tra-
jectory around the circumference of the sample L which corresponds to a path
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C on the Bloch sphere. The arbitrariness in the ± sign exists because the solid
angle can be taken either over the North or the South Pole, depending on the
direction of the path C.
Chapter 4
Topological Hall Effect in Magnetic
Nanostructures
With this expression relating the topological Hall conductivity to the magne-
tization profile, we apply it to different magnetization profiles to explore its
implications.
In this chapter, we will compute the topological Hall conductivity for
different magnetization profiles expressed in both an analytical and numerical
form. We the compute topological Hall conductivity for four families of mag-
netization profile with an analytical expression - the vortex, skyrmion, crown,
and parallel magnetic domains. We also develop a way to evaluate the topolog-
ical Hall conductivity on a generic magnetic profile in a numerical format, such
numerical formats are the usual output of simulation programs. The sample
that we utilize for our numerical input this example is taken from the results of
MuMAG’s standard problem 3.7
41
4.1 Evaluation of the Topological Hall Effect 42
Finally, we qualitatively examine the implications of the result that we
have derived and find a meaningful implication that has an obvious application
- we find that the topological Hall conductivity of a vortex state magnetization
profile differs with the polarity of the vortex and not its chirality. We present
this observation in detail in Section 4.2 of this chapter.
4.1 Evaluation of the Topological Hall Effect
4.1.1 Evaluating THE on Analytical Expressions of Magnetic
Profiles
We will now apply the general expression for Bavg in Eq. 3.46 to exemplary
domain configurations. For the magnetic configuration with a radially symmet-
ric z-component, e.g. in a single skyrmion or vortex configuration, we have
θ = θ(r) and ϕ = ϕ(ω) = Wω where the integer W represents the winding
number. Eq. 3.44 then yields n · (∂xn× ∂yn) = Wsinθ dθdr , leading to




n · (∂rn× ∂ωn) dr ∧ dω
= − Φ
4pi
2piW [n3(r = 0)− n3(r = R)] (4.1)







[1 + n3(r → ∞)] = WΦ, i.e. an integer multiple of the flux quan-
tum Φ. This agrees with Eq. 3.46 which yields Bavg = WΦ4pi
∮
C
(1 + cosθ)dϕ =
WΦ since cosθ = n3 = 1 when r →∞. Hence Bavg is quantized in multiples
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of Φ when the boundary spins n3(r = R) are all aligned.
Mathematically, this quantization arises from the fact that the sample can
be compactified into a 2-sphere S2 by identifying the uniform boundary spins
as a single point. The mapping n will then be a mapping n : S2 → S2. It is
well-known that the second homotopy group pi2 of the mapping n : S2 → S2
is Z, the set of integers, which means that a mapping from a sphere to another
sphere must wrap around the latter an integer number of times.
Intuitively, this can be seen by noticing that any incomplete wrapping
can be smoothly deformed into a trivial wrapping. Topological quantization of
Bavg also occurs in cases when the spins are all directed in the plane of the
sample, i.e. n3 = 0 everywhere. In this case, we obtain Bavg = WΦ2 , where W
refers to the winding number of the spin configuration. Here, the non-zero Bavg
arises solely from the singularities of n · (∂rn× ∂ωn). The latter expression
is identically zero except where the gradient ∂rn or ∂ωn is undefined. Such
singularities correspond to planar vortices with integer winding number. This
result also applies to 3D vortices (i.e. n3 6= 0) observed by Chien, et. al.,39
where the core comprises of magnetization vectors that point perpendicularly
from the plane of the domain. In this case, Eq. 4.1 yields the same result.
We have seen that Bavg is quantized according to the integer W when-
ever the sample has only in-plane magnetization or uniform boundary magne-
tization. Bavg is thus a topological invariant that can be used to characterize
different magnetic patterns. In cases with a uniform boundary magnetization,
Bavg will be able to unambiguously distinguish between configurations belong-
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Magnetic domains on sample with boundary
r = R, domain size a.
Bavg = −WΦ2 [n3(0)− n3(R)]








where n3(∞) = 1
Vortex (with winding no. W ,




















, r < 2a
1, r ≥ 2a
}
ϕ(ω) = Wω
0 for R ≥ 2a
Parallel Local Moments 0
Table 4.1: Summary of average B-field, Φ = hc
eS
.
ing to different second homotopy classes. This is an especially useful property
since arbitrary patterns with uniform boundary and sufficiently smooth vari-
ation of spins (the latter being needed to satisfy the adiabaticity condition as
well) can be deformed into one of the standard prototypical configurations.
Table 4.1 gives the topological invariants of some common patterns which
are displayed in Figures 4.1 (a) to (f).





where e is the electronic charge, c is the speed of light, and n is the electron
density.
This is where analogy with the Hall resistivity that an equivalent applied
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Figure 4.1: Magnetization patterns of (a) Skyrmion with winding number W =
1, (b) Skyrmion with winding number W = 2, (c) Anti-vortex (C = −1) with
winding number W = −1, (d) Anti-vortex (C = −1) with winding number
W = −2, (e) Vortex(C = +1) with winding number W = 1, (f) The trivial
magnetization.
magnetic field would cause is used, and we show that it is consistent with the
Hall conductivity that we derived previously.









For a vortex, the expression for Bavg is
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Bavg = −WΦ
2
[P + n3(R)] (4.4)





with n3(R) = 0, and Φ = hceS =
hc
epiR2













× (4.12 · 103Ω) (4.6)











× (8.24 · 103Ω) (4.7)
4.1.2 Evaluating THE on Micromagnetic Domains
Now, that we have derived the topological Hall resistance on magnetic domains
with a known analytic expression, we move on to demonstrating the topological
Hall resistance on more realistic magnetic patterns obtained off micromagnetic
simulation results. We obtain these realistic micromagnetic patterns from the
results of muMag Problem #17 which simulates the magnetization in a rectan-
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gular permalloy slab in an applied magnetic field.
From Eq. 3.41, we can compute the magnetic vector potential, A from
the magnetiztion of the permalloy. The gradients of n1 and n2 can be evaluated





where gradx1(i, j) computes the gradient in the x− direction of n1(i, j) etc,
and intx is the interval of the mesh in the x− direction.
The magnetic vector potential can thus be derived discretely by substitut-
ing into the original equation, Eq. 3.41,
A1(i,j)=n1(i,j)*gradx2(i,j)-n2(i,j)*gradx1(i,j)
A2(i,j)=n1(i,j)*grady2(i,j)-n2(i,j)*grady1(i,j)
From this discretized version of the equation, we can go on to compute
Bavg from Eq. 3.46. As an intermediate step, we compute the ∇×A which is
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end
We plot the result for the micromagnetic samples that we got, and derived
the following plots.
While the result is expected, identifying the source of topological Hall
conductivity gives a more vivid picture of the physical process, and serves to
numerically validate the analytical calculations made.
Figure 4.2: The effective topological B-field corresponding to magnetization
profiles. The red regions represent negative values while the blue regions rep-
resent positive values.
The above is a plot of the effective B field contributed by the topological
Hall Effect. As can be observed, the regions in the vicinity of vortices are red,
and they indeed sum to an integer. Each of these red regions correspond to a
quantum of hall conductivity as shown in the following figure.
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Figure 4.3: Winding number corresponding to the effective topological B-fields
(t). The colors on the plot indicate the value of t, with the red circles enclosing
regions that have winding number of 1.
4.2 Topological Hall Effect of a Vortex State
Having derived the topological Hall conductivities for the different magnetic
patterns, we now take a closer look at its implications. In particular, we examine
the case of vortices with winding number W = 1. Such vortices are significant
as they are the natural ground state of permalloy discs,8 and has the potential to
advance data storage technology.
4.2.1 Polarity, Chirality, and Helicity
We shall go on to derive that the topological Hall conductivity of a vortex state
depends on the polarity and not the chirality of the vortex. Though these are
terms commonly used to describe a vortex, we will define them here to remove
the ambiguity before we go on to use them in the later parts of this thesis.
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Given a vortex state that exists for a magnetization in a plane, the polar-
ization or polarity is the direction in which the core of the vortex state points.
It may be described with the numerical value P = +1 or P = −1 depend-
ing on whether it points into or out of the plane. The chirality of a vortex
state is the clockwise or anti-clockwise direction in which the rest of the vor-
tex winds around the core. Similarly, it could be described with the numerical
value C = +1 or C = −1 depending on whether it winds in a clockwise or
anti-clockwise direction.
Figure 4.4: Vortices with winding number W = 1. The vortex polarity is





to ϕ. We derive that only the polarity P affects the topological
Hall conductivity.
When the magnetization is described in parametric form as in Equation
3.38, the magnetization direction of the vortex at each point r is described by
the formula





ϕ(ω) = Wω ± pi
2
(4.9)
as we have defined in Table 4.1. The results of this parametric equation
is plotted in Figure 4.4.
The helicity or handedness of a vortex is the direction in which the vortex
winds about the polarization, and can be computed by the formula H = P ×C.
In other words, helicity is the direction of the vortex when the basis direction
is set by the direction of polarization. We will not use the idea of helicity
further in this thesis, and it is important to note that the helicity is dependent
on the polarity and chirality, and that there are effectively only two independent
parameters of a vortex state, hence it is sufficient to consider only the polarity
and chirality when describing a vortex.
4.2.2 Topological Hall Conductivity of a Vortex State




× (4.12 · 103Ω) (4.10)
We note that it is dependent on the vortex polarity P , but not the chirality
which dissappears when the expression for the Hall conductivity is integrated
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over ϕ. This is a useful result as it means that we can discriminate the polarity of
a vortex through a Hall measurement, which is also a purely electrical method
of determining the vortex polarity. The implications of this result is the subject
of the remainder of this thesis.
4.3 Conclusion
In conclusion, we have shown that in the adiabatic regime, topological non-
trivial magnetic patterns will lead to non-zero topological Hall conductivities
which are quantized. The quantized conductivity is a topological property re-
lated to the number of times the spin trajectory in the patterns wrap around the
Bloch sphere. In the case of uniform boundary spins, different patterns can be
unambiguously identified by their signature Hall conductivities. Patterns with
non-uniform spins at their boundary can also be identified as long as edge effect
contributions to the winding number are much less than an integer. Our results
also remain robust for practical domain patterns which are deformable to ideal
prototypical ones.
With this result, we worked out more concrete implications, by construct-
ing a method to compute the effects of the topological Hall effect on magneti-
zation profiles, and working out the Hall conductivity for the different magneti-
zation families of magnetization profiles. We also examined its implications for
naturally occuring vortex state, and found that the Hall conductivity is changed
by a reversal of vortex polarity but not by a change in vortex chirality.
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This is a useful practical result which leads on to our subsequent proposal
for how to check the theory and potentially utilize it in a vortex MRAM device.
In the next chapter, we present the current state of research in vortex MRAM,




We derived the implications for the topological Hall effect in the previous chap-
ter, and found that it may give us an electrical means to measure the polarity of
a vortex. The use for such a result as the read mechanism for a vortex MRAM is
straight forward to conceive, and we will make a more detailed design proposal
and as well as work out its specifications in the next chapter. But before we do
that, we will review the current state of vortex MRAM research to ensure that
the proposal that we make is realistic.
We begin by looking at postulates of the vortex ground state of magnetic
permalloy discs and its subsequent confirmation using the Magnetic Force Mi-
croscopy (MFM) in 2000. We particularly take note of the size of the permalloy
discs that the vortices are found in, so that we can ensure that the dimension of
the device that we propose is reasonable.
We also look at the progress that has been made in this field since the
confirmation of the vortex state in permalloy discs, including how simulation
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programs like the Landau Lifshitz Gilbert Slonczewski (LLGS) models have
been used to giving us insights into the interaction between a current and the
vortex magnetization state, and is able to model its dynamics increasingly ac-
curately.
An application for the LLGS simulation its use in modelling the way that
alternating currents incident on a permalloy disc in a vortex ground state results
in a switching of the vortex polarity.
Finally, we take a look at the current ideas for realizing the vortex MRAM.
We note that the ability to electrically measure the vortex polarity is an unprece-
dented function that can change the current approach in vortex MRAM design.
5.1 The Vortex Ground State Postulate and Evi-
dence
Up until now, we have discussed using the vortex ground state without estab-
lishing that we are actually able to actually create it. Here, we shall present the
postulate and discovery of a vortex ground state in a magnetic permalloy disc
and the beginnings of the concrete research into this field.
The vortex magnetization ground state of a permalloy disc has been pre-
dicted for a long time, but the technology to produce discs of the size and detect
it did not exist until 2000. In 2000, the states were detected in circular permalloy
discs using magnetic force microscopy (MFM).8, 40 These vortices were found
in discs with diameters ranging from 100nm to 1µm and at 50nm in thickness,
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and were found to exist in both polarities.
Figure 5.1: MFM image of vortex magnetization profiles in permalloy discs.8
Image A shows the MFM image taken before a magnetic field is applied, and
image B shows the MFM image after a magnetic field is applied. Image B
shows the core of the vortices pointing in the same direction (black) whereas
image A showed it pointing randomly in either direction (both black and white).
Figure 5.1 is a magnetic force microscopy image of vortexmagnetic permal-
loy disc of different sizes that reveal vortex structures. The second image was
taken after the discs were subjected to an external magnetic field. This shows
that the polarity of the vortex changed, and is strong confirmation that the data
does indeed imply a vortex magnetization.
Since this verification of the vortex magnetization ground state in permal-
loy discs, many aspects of the vortex ground state has been studied. The dy-
namics of vortices is studied in the presence of an applied magnetic field41 and
in response to an incident alternating current.9 It was found that currents al-
ternating at the resonance frequency of the vortex gyration is able to induce
switching of the vortex polarity.
These experiments are studied alongside micromagnetic simulations to
shed light into the properties of vortices. The Landau-Liftshitz-Gilbert (LLG)
equation has been used to model magnetization dynamics even before the cur-
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rent interest in vortices, and has been the main model for studing the properties
of magnetic vortices in permalloys. To incorporate consideration of current
passing through the vortex, the spin transfer torque has also been incorporated
into the LLG model, and been successfully used to understand the dynamics of
vortices interacting with currents.42 We will utilize this micromagnetic model
to investigate the ability of a pure spin polarized current to switch the polarity
a vortex ground state in the next chapter. Such a result is useful because it ulti-
mately gives us an electrical means to switch the polarity of the vortex ground
state, which translates into a viable write mechanism for any vortex MRAM.
5.2 The Landau Lifshitz Gilbert Slonczewski Equa-
tion and Micromagnetic Simulations
We now introduce the LLG and LLGS equation, which is the most useful model
for simulating the interaction between magnetization and currents in a permal-
loy system. It has proven its accuracy through the predictions made in a vortex
ground state magnetization system. This is very close to the system that we
investigate in the next chapter, that is the way a pure spin current might be able
to switch the polarization of a vortex ground state.
5.2.1 The LLG Equation
The LLG equation is the model for magnetization dynamics proposed way back
in 1935 by Landau and Lifshitz.43 It is a phenomenological equation that em-
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bodied the way magnetization precesses around a magnetic field. Gilbert in
1955 appended a damping term to the model44 to account for the way that mag-
netization eventually aligns itself to the applied magnetic field.
The resulting Landau-Lifshitz-Gilbert equation is given by the expression
∂m
∂t
= −γm×Heff + αm× ∂m
∂t
(5.1)
where m is the normalized magnetization, γ = 2.0023 the gyromagnetic ratio
and α the Gilbert damping constant. Heff is the effective magnetic field that
lumps all the effects which contribute to the magnetization dynamics that are
being considered. These effects include the applied magnetic field, crystaline
anisotropy, exchange coupling between spatially seperated magnetic moments,
etc.
This is used as the governing equation by micromagnetic programs such
as the Object Oriented Micromagnetics Framework (OOMMF)45 to simulate
magnetization dynamics of systems at sub-micrometer length scales.
5.2.2 LLG and Spin Transfer Torque
Since the discovery of spin transfer torque by Berger and Slonczewski in 1996,29, 30
the Slonczewski spin transfer torque term was added to the micromagnetic
model to incorporate this effect.42, 46–48 This Slonczewski spin transfer torque
term models both the effect of magnetization on the spins of the conduction
election and vice versa. The resulting equation is the Landau Lifshitz Gilbert



















is the initial velocity of a domain wall driven by the spin current, with J the
current density, P the current polarization, µB the Bohr magneton and β the
coefficient so that βu becomes the terminal velocity of the domain wall motion
under the spin current.
5.2.3 Vortices and the LLGS Model
The LLGS model was initially useful in the study of spin transfer torque in mag-
netic layers as well as the current driven domain wall motion problems,49, 50 but
since the experimental observation of vortices in permalloy discs, this system
has also become a new useful testbed for the LLGS model. This is because it
provides a spatially varying magnetization structure that could interact with the
spin of conduction electrons in non-trivial ways. This rationale was identified
by Kasai9 in 2006.
To test if spin currents really did play a significant role in magnetization
dynamics, Kasai ran simulations of a vortex being subjected to an alternating
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current with and without the effect of the spin transfer torque term. In the case
of the absence of spin transfer torque, the alternating current only influenced
the magnetization through the magnetic field it induced.
For a vortex magnetization in the absence of any current, it was previ-
ously known that a vortex core that is not positioned at the center of the permal-
loy disc would precess and spiral into the center of the disc when it is left to
relax.51 This precession occurs at a certain eigenfrequency.
Two simulations were run to investigate the effect that an alternating cur-
rent applied to a vortex at its eigenfrequency would have. The first did not take
into account the spin transfer torque effect, i.e. it was simply the LLG equation,
and the second took into account the spin transfer torque effect, i.e. a LLGS
equation. For the case where the spin transfer torque was not considered, noth-
ing qualitatively different happened in the vortex dynamics. In the case where
the spin transfer torque was considered, the vortex settled into precessing about
an equilibrium radius from the center. These were two distinct results that could
validate the contribution of STT in the LLG model, and experiments could de-
cisively verify its accuracy.
To determine which of the model was correct, an alternating current was
applied to a vortex ground state of a permalloy disc as shown in Figure 5.2. A
sustained oscillation about an equilibrium radius was deduced by Kasai through
anisotropic magnetoresistance (AMR) measurement using the set up shown.
Such a deduction is made based on the fact that the resistance of a magnetic
permalloy in a vortex state depends on the position of the vortex core. This
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Figure 5.2: Set up for measuring the anisotropic magnetoresistance.9
validated the spin transfer torque term of the LLGS equation description of a
vortex ground state subjected to an applied alternating current.
5.3 Electrical Switching of Vortex Polarity by Al-
ternating Currents
Figure 5.3: Micromagnetic simulation of vortex core precession and polarity
switching caused by an alternating current.10
It was subsequently discovered that the alternating current could switch
vortex polarity,10, 52 as the passage of a vortex creates an effective magnetic
field that leaves a trail of magnetization in the opposite direction in the wake
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Figure 5.4: The probability of vortex polarity switching vs. frequency of ap-
plied alternating current.10 The result shows a switching frequency centered on
the resonance frequency of 290 Hz, and a maximum switching probability of
50%. The colours represent the different results (green - simulation results for
J0 = 3.88 × 1011Am−2, red - experimental results for J0 = 3.5 × 1011Am−2,
blue - experimental results for J0 = 2.4× 1011Am−2).
of a moving vortex. Figure 5.3 shows the process of the vortex polarization
switching
The alternating current was simulated to flip a vortex pole with a chance
of 50% when it is at the correct frequency. This flipping of vortex polarization
is is observed in experiments, but the actual chances of a flipping is lower than
the 50% predicted by the simulation result, and it is especially so if the current
density was much smaller. This result is shown in Figure 5.4.
The implication of such a finding is two fold. The first is that spin transfer
torque is indeed an effect that is needed to explain experimental observation,
and the second is that this is an electrical method to change the polarization of a
vortex. Such a capability is crucial for creating a vortex MRAM. However the
method that we have seen does not reliably impose a vortex polarity, but merely
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flips the existing state with a certain probability. This is an undesirable property
for a vortex MRAM writing mechanism.
For this reason, we shall be investigating the ability of a spin polarized
current to impose a vortex polarization in the next chapter, in order to survey
the viability of a vortex MRAM where the bit is stored in the polarization of the
vortex. Such a system would neatly complement the topological Hall effect as
an electrical read mechanism which has not been known until now, and is the
reason that there has not been any impetus to search for such an electrical write
capability.
5.4 Existing Vortex MRAM Schemes
The idea of using a vortex to store binary data is not new, with the idea of vortex
MRAM arising sporadically in literature. However serious discussion of such
a device was not possible before the vortex state was experimentally verified
in 2000,8 and since there have been few complete proposal for a practical vor-
tex MRAM device because the respective reading and writing schemes for the
vortex MRAM have not occurred together.
We now examine two of the more concrete proposals that have surfaced.
The first is by Pigeau11 who proposed a reliable writing mechanism for the
polarity of the vortex using an applied external magnetic field and an applied
alternating current, and suggested the use of an Magnetic Resonance Force Mi-
croscopy (MRFM) probe to read the polarization of the vortex state.
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The second is by Bohlens12 who proposed a memory device based on
the handedness of the vortex, and the current is written and read with currents
passing through the cross section of the permalloy as well as through the plane
of the permalloy. The reading mechanism relies on the motion of the vortex
quasiparticle depending on its handedness.
5.4.1 Bit Stored in Vortex Polarization
Figure 5.5: Proposed vortex MRAM device utilizing an applied magnetic field
and an alternating current to change the polarization of the vortex, and a Mag-
netic Resonance Force Microscope (MRFM) to read the polarization of the vor-
tex from its stray magnetization.11
The first scheme illustrated in Figure 5.5 utilizes the polarization of a
vortex state to store a memory bit. This scheme utilizes a key result in the
write mechanism, that is the resonance frequency for vortex core gyration splits
in the presence of an applied magnetic field. The set up shown in Figure 5.5
consists of a device that applies the external magnetic field, and cunducting
electrodes that subjects the permalloy disc to an alternating current. This al-
ternating current switches the polarization of the vortex by using the property
that the polarization with resonant frequency closer to the applied alternating
current becomes more unstable than the polarization with resonant frequency
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that is further away.
The proposed read mechanism utilizes a Magnetic Resonance Force Mi-
croscope (MRFM) embedded in the external structure to detect the stray field
from the vortex core polarization.
5.4.2 Bit Stored in Vortex Handedness
Figure 5.6: Figure (a): Proposed vortex MRAM bit utilizing an in plane mag-
netic field generated by a current passing through the perpendicular channel on
top, and an applied alternating current to read and write into the handedness of
the vortex in a permalloy disc.12 Figure (b): The vortex MRAM bits arranged
in an array.
The second vortex MRAM scheme that we review stores the memory bit
in the handedness of the vortex. This proposal uses the fact that the radius of
vortex gyration depends on the handedness of the vortex core, and uses this
property to store and measure the handedness of the vortex. The write mech-
anism requires two currents to be passed, one in the x-direction to excite the
vortex due to the spin transfer torque, and another alternating current above the
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permalloy disc to create an alternating magnetic field that drives a precession
of the vortex.
The reading mechanism is achieved by passing a small current through
the permalloy disc along with a corresponding alternating current above it to
impose a magnetic field so that only one handedness of vortex will precess. The
proposal made a passing suggestion to detect this precession by either using a
pick up coil or detecting the resistance change of the permalloy disc.
5.5 Conclusion
Our abilty to detect and manipulate vortices has existed for only ten years. Yet
within this time, we have developed accurate models of using the LLGS equa-
tion, and we can accurately simulate vortex dynamics in the presence of applied
magnetic fields and incident alternating currents. Phenomena like vortex core
gyration and polarization flipping arises from these dynamics, which can be uti-
lized in potential vortex MRAM devices, and various ideas have emerged to do
so.
We reviewed two schemes that proposed to store memory bits in a vortex,
one in the polarization and the other in the handedness of a vortex ground state
of a permalloy disc. These schemes were proposed based on particular proper-
ties of dynamics of vortices in the presence of magnetic fields and alternating
currents. The topological Hall effect will bring a different physical phenomena
to bear on vortices, which may finally be combined to realize about a practical
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vortex MRAM device.
This chapter also gives us a good survey of the capability of the current




In the previous chapter, we derived that the Hall conductivity due to the topo-
logical Hall Effect of a vortex magnetization state is reversed when the vortex
polarity is reversed. This is a conceptually simple result that is easy to conceive
a test for, and whose utility as a vortex MRAM read mechanism is straight
forward to comprehend.
In this chapter, we propose a set up that utilizes a Hall voltage measure-
ments to determine the polarization of the vortex ground state of a permalloy
disc, together with a complementary mechanism to impose a desired vortex po-
larization onto it. The dimensions of the permalloy disc we propose (between
100nm and 1µm in diameter and 50nm in thickness) is based on experimental
observation of the vortex ground states permalloy discs of this size.8
We go on to work out the magnitude of a signal resulting from the topo-
logical Hall effect in this system. Our primary intention is to translate the theory
that we have derived into experimentally meaningful numbers so as to facilitate
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verification of the theory. The secondary intention is to examine if the num-
bers happen to be of the correct magnitude to make it a suitable solution to the
current challenges in memory technology. Also, we run LLGS simulations to
investigate if spin polarized currents may be a viable way to impose a polariza-
tion direction on the vortex ground state of a permalloy disc.
Now, for the purpose of facilitating our discussion and to help us under-
stand the operation of a memory element, we begin by introducing an abstrac-
tion of a single bit memory element.
6.1 Abstraction of a Single Bit Memory Element
Figure 6.1: Abstraction of a memory element M with inputs din and dstore and
output dout.
Figure 6.1 illustrates an abstraction of a single bit memory element. A
memory element has two channels for input signals (din and dstore), and one
channel for an output signal (dout). The operation of a memory element is con-
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ceptually simple - the single output signal dout allows us to read the state of the
memory, and two input signals dstore allows us to turn on the write mechanism,
and din to tell it which binary value is to be written to the memory.
In other words, when dstore is off, the signal for dout tells us the state
of the memory element, when dstore is on, the memory element is written to
the value din. This simple operation is the essence of a memory element, and
hides the details of its implementation which changes with the technology used
to bring about this operation. We shall introduce our proposal for a memory
element that utilizes results from topological Hall effect in the next section.
6.2 Proposed Implementation of the Topological Hall
Effect Memory Element
In this section, we elaborate on our proposal to implement a memory element
that utilizes the topological Hall effect as a read mechanism and a spin polarized
current as a write mechanism. The main purpose of this section is to introduce
the parameters that affect implementation of our proposal. These parameters
will be the subject of our examination in the subsequent sections.
We divide our proposed device into three functional parts - the first con-
trols the current flowing through the device, the second polarizes the current
and the third stores the bit in the polarity of the vortex, as well as gives the
output signal that is determined by the polarity. Figure 6.2.
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Figure 6.2: Proposed implementation of the memory element that utilizes the
topological Hall effect as read mechanism and a spin polarized current as write
mechanism. dstore controls the incident current I , and the voltage VS applied
through a hypothetical spin polarizer. din affects the sign of the voltage VS .
The signal dout is derived from a Hall measurement Vy across the permalloy
disc where the vortex ground state resides, this is based on the topological Hall
effect mechanism.
6.2.1 Voltage Controlled Current Source
Figure 6.3: Part 1 - Current source controlled by the dstore signal.
The first part is a simple voltage controlled current source that is regulated
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by the signal dstore. It functions according to the following rule
I(dstore, t) =

I0δ(t) + Iread, when dstore switches from 0 to 1,
Iread, if dstore = 0.
(6.1)
where δ(t) is an approximate impulse function with duration ∆t and t = 0 at
the moment when dstore switches from 0 to 1, and the impulse has a magnitude
of I0. The following graph depicts the current profile that we describe.
Figure 6.4: Current Profile I(t) v.s. Store Signal dstore(t). The dstore signal
triggers an impulse of current when it transits from an ’off’ (0) state to an ’on’
(1) state. The impulse of current has an amplitude I0 and duration ∆t.
These parameters Iread, I0 and ∆t are the subject of the remainder of this
chapter. The parameter Iread is the current needed to generate a large enough
Hall voltage VH , from the topological Hall effect, and the parameters I0 and
∆t are the parameters required to change the polarity of the vortex. The last
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parameter P , the polarization of the spin current is also examined.
6.2.2 Current Spin Polarizer
Figure 6.5: Part 2 - the hypothetical spin polarizer that is a function of the
applied voltage VS , which is in turn controlled by the signals din and dstore.
The second part of our proposed set up is a hypothetical current polarizer
that spin polarizes the current passing through it according to the voltage ap-
plied. The applied voltage is in turn controlled by logic turning the inputs din







Table 6.1: Summary of the effect of dstore and din on the polarization of the
incident current.
Table 6.1 is the truth table relating din and dstore with the polarization of
the current passing through the spin polarizer. The degree of polarization P that
is required is a parameter that we examine in the later sections of this chapter.
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6.2.3 Vortex Ground State Permalloy Disc
Figure 6.6: Part 3 - the permalloy harboring the vortex ground state that stores
the bit in the polarization of the vortex, and can be read with a Hall measure-
ment. The Hall voltage Vy is the measurement made to deduce the state dout
stored in the vortex.
The third part of our proposed device and focus of this thesis is the
permalloy disc that stores the memory bit in the polarization direction of the
vortex ground state. The function is simple to understand and is as follows:
1: To change the vortex polarity when a strong enough spin current passes
through the permalloy.
2. To produce a voltage Vy that depends on the polarity of the vortex
ground state when a small read current is passed through it. This Hall voltage
is translated into the signal dout according to the following function
dout =

1, Vy > VH
0, Vy < −VH
(6.2)
where VH is the threshold voltage arising from the topological Hall effect
that we will make an estimate for and analyse in the next section.
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We also need to find out what amount of spin polarization P , current
Ihigh, and duration ∆t of incident spin current is required to switch the vortex
polarity.
These are the parameters that we will be estimating and analysing in the
next sction after choosing a dimension for the size of this permalloy disc.
6.3 Topological Hall Effect Read Mechanism
We work out the magnitude of the signal resulting from topological Hall effect
in a permalloy disc with the specifications shown in Figure 6.7 and Table 6.3.
Figure 6.7: Dimensions of the permalloy disc in our proposal.
From the equation relating voltage with electric field strength,
∆VH = ∆Ey × L (6.3)
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Parameter Value
Length and breath (L) 200nm
Thickness (T) 50nm
Read Current Density (Jread) 1012A/m2
Material Permalloy (Ni80Fe20)
Electron Density* (n) 8.62× 1022cm−3
Table 6.2: Values of the parameters in our proposal. *estimate of the electron




1023mol−1 = 8.62× 1022cm−3.










× (4.12 · 103Ω) (6.5)
we calculate (substituting R = L
2
and n the number of electrons with n× T the
electon density times thickness) that
∆ρvortexxy =
2× 4.12× 103Ω
8.62× 1022cm−3 × 50nm× 100nm2
= 1.912× 10−4Ω (6.6)
The current density jx, being the one dimensional current density, is
jx = Jread × T = 1012A/m2 × 50× 10−9m = 5× 104A/m (6.7)
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Hence ∆Ey works out to be
∆Ey = 0.957V/m (6.8)
and we the magnitude of the voltage signal ∆VH is estimated to be
∆VH = ∆Ey × 2R = 0.957× 2× 100× 10−9 = 1.91× 10−7V (6.9)
Thus we have computed that the signal resulting from the topological
Hall effect in a disc of diameter 200nm is 10−7V . While this is weak as a read
head device (the typical signal is a milli- to micro- volt), it is detectable under
laboratory conditions.
6.4 Spin Polarized Current Write Mechanism
The topological Hall effect effectively provides a purely electrical method for
reading a memory bit stored in the polarization of the vortex. Here, we study a
complementary purely electrical write mechanism that utilizes the spin transfer
torque effect from a spin polarized current to impose a desired polarization on
the vortex ground state of a permalloy disc.
We study the resultant polarization of the vortex when a spin polarized
current of different impulse magnitude I0, polarization P , and duration ∆t is
incident on a vortex ground state of a magnetic permalloy disc. This is to estab-
lish if a consistent change the polarity of the vortex can arise from the correct
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combination of these parameters.
To this end, we assumed that we possess a method for injecting a current
of desired spin polarization into the permalloy disc, and set forth to investigate
the effect of a spin polarized current impulse of magnitude I0 that spanned the
range of two orders of magnitude, and polarization P that ranged from 0 to 1.
We utilize the OOMMF micromagnetic simulation program together with the
spin transfer torque package to conduct this investigation.
6.4.1 Micromagnetic Simulation
In our simulation, we fix ∆t because we believe that the dynamics is the same
when magnetization is saturated. We study the effect of different I0 and P on
being able to switch the polarization. We chose ∆t = 0.1ns because it was
observed to saturate the permalloy magnetization at some values of I0 and P ,
then observe its effect on the resulting dynamics for a 10ns duration, taking
note of the eventual polarity of the vortex as the dynamics of the magnetization
usually stabalized after 10ns.
6.4.2 Simulation Parameters and Procedure
We base our simulation parameters on those used by in the studies done by
Kasai, and set out to study the dynamics using the OOMMF with the spinxfer
package.45
Initial state: We begin with a permalloy disc in a vortex state that we ob-
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tain from relaxing a vortex disc from a uniform magnetization in the
z-direction.
Process: We then simulate the passage of a uniform spin current pulse of 0.1ns
duration, of polarity P , and current density J , and allow the simulation
to proceed for 10ns.
Measured quantities: The result of the simulation comes in the form of the
magnetization profile at each sample time intervel. Out of this data, we
extract the Mz, mean magnetization in the z-direction at t = 0.1ns (just
after the incident spin current) and t = 10ns (at the end of the evolution).
The mean magnetization at t = 0.1ns is a way to measure the effect of the
spin current - to see if the magnetization was perturbed significantly, and
the mean magnetization at t = 10ns is a quantitative means to deduce the
polarity of the vortex from the magnetization. In the data that we present,
Mz at t = 0.1ns is refered to as the Initial Mz, while Mz at t = 10ns
is refered to as the ‘Final Mz’. We magnify the plot of the Final Mz
by 1000 times so that we can better distinguish whether it is positive or
negative in sign.
Parameters: We ran a simulation of a uniform spin current entering a permal-
loy with a magnetization state of a vortex. Using the following specifica-
tions for the geometry and material
The following are the micromagnetic simulation specific parameters
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Parameter Value
Radius of permalloy disc 1.2µm
Height of permalloy disc 50nm
Material Ni80Fe20
Table 6.3: Geometry and material parameters of the permalloy disc.
Parameter Value
Unit cell dimensions 4× 4× 50nm3
Exchange Energy 90pJ/m
Saturation Magnetization 72× 10−6A/m
Gilbert damping coefficient 0.01
Anisotropy 10J/m3
Table 6.4: Parameters used in the micromagnetic simulation.
6.4.3 Simulation Specifics
We vary the polarization P from 0.1 to 1 at intervals of 0.1 for each magnitude
of current density J = 1011, J = 1012 and J = 1013A/m3. And we derive the
mean magnetization Mz from each simulation.
The intention of applying a spin current to a vortex in the magnetic
permalloy is to perturb the vortex sufficiently enough to impose a desired polar-
ity on the vortex. While the final polarity of the vortex is the ultimate interest,
studying the dynamics would give additional insights into the mechanism of the
polarity switching by a spin current if it works, or the reasons for the failure if
it does not work.
We perturb the vortex using a spin current with the expectation that a
threshold quantity of current and polarization would behave as a critical applied
magnetic field, switching the vortex polarity. By extension, one might naively
expect that once the spin current is sufficient enough to saturate the magnetiza-
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tion, the vortex polarity would definitely flip. Our simulation however showed
otherwise.
We first select a prototypical simulation and describe the phases of the
dynamics, illustrating the significance of the quantities that we choose to com-
pute for analysis, then subsequently present the result of the set of simulation
as a whole.
6.4.4 Dynamics of Prototypical Simulation
We identify five main stages of the dynamics of the magnetization in a permal-
loy disc when a spin current pulse of 0.1ns is applied. The graph in Figure 6.8
shows mean magnetization in the z-direction over the duration of the simula-
tion. It is the result of the simulation with parameters P = 0.7 , J = 1013A/m3.
Five stages of the vortex dynamics are identified, marked by the red lines,
with the magnetization of each stage extracted and compiled into Figure 6.9.
These five stages are as follows,
Figure 6.8: Mean Mz vs time, and the five stages of the magnetization dynam-
ics.
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Stage 1. The permalloy disc starts off in a vortex state, with polarity in the
positive direction. This corresponds to a small but positive mean magne-
tization, of the order of 10−4. This corresponds to the size of the vortex
with a radius of 1
100
that of the radius of the permalloy disc, which is
consistent with the measured sizes of vortices of about 5 nm.
Stage 2. The magnetization is perturbed by an incident spin current pulse with
polarity in the opposite direction. In this case, the magnetization saturates
because the spin current pulse is strong enough. One would expect that
this extreme be the most favorable initial condition for settling into a
vortex of the same polarity, however the simulation shows that it is not
necessarily the case.
Stage 3. The magnetization begins evolving into the ground state when the spin
current ceases. It can be seen that the residual negative z magnetization
manifests itself at this stage, disrupting the subsequent evolution of the
vortex.
Stage 4. The magnetization does not descend immediately into the vortex ground
state but goes into an irregular intermediate magnetization state.
Stage 5. As the magnetization potential energy is damped away, the magnetic
vortex is reached. As the white colours show, the magnetizations are very
uniformly pointing in plane except at the vortex core.
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6.4.5 Result and Remarks
Of the magnetization data generated in the simulation, we extract the maximum
Mz, and the mean Mz of the last 1ns. This gives us a way to measure the
effect of the spin current pulse (Stage 2) and the final polarization (Stage 5)
respectively.
The result is shown in Table 6.10, with the final magnetization being
magnified by 1000 times so that it can be clearly seen whether the polarity is
positive or negative in order to derive the final polarity of the vortex.
We observe that contrary to the expectation that a larger initial Mz would
increase the chance that the vortex polarization would end up in the same direc-
tion, this is not seen in the simulation. We have already found from the spatial
analysis of the magnetization that the vortex core was not decisively flipped
even if the magnetization seemed to be saturated by a strong spin current. This
is due to the remnants of the original vortex being sustained against neighbour-
ing magnetizations by exchange interaction.
The graphs actually appears to oscillate with a larger period in spin po-
larity as the current density is increased, and the region that flips the vortex
polarity most consistently is that of current density of J = 1013A/m3, at a
lower polarization.
Another remark is that the size of the vortex can be deduced from taking
the mean magnetization in the z-direction. From the value of 6 × 10−5, one
can approximate the size of the vortex by assuming that all the magnetization
in the vortex is pointing in the z-direction while the magnetization in the rest of
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the permalloy disc is pointing in plane, then 6× 10−5 is the ratio of the area of
the vortex to that of the permalloy disc, and we deduce that the vortices in the
simulation have a radius of r =
√
6× 10−5 × 1.2µm = 9.3nm.
6.5 Conclusion
In this chapter, we have estimated the magnitude of the topological Hall effect
signal on a permalloy disc with diameter of 200nm is the order of 0.1µV . While
this is a small signal, it is not outside the range of detection.
We have also done some study of the ability to switch a vortex polariza-
tion with a spin polarized current, and found the current density density that
begins to have an effect on the polarization of the vortex is of the order of
1012A/m3. However, this method does not allows us to be sure that we have
imposed the polarization on the vortex ground state to the necessary degree of
certainty, and further work on an electrical means to impose a polarization on
the vortex is still required.
Although the idea of a purely electrical method for switching the polar-
ization of a vortex MRAM device may be simple, there was previously little
motivation to study such a scheme is because a corresponding purely electri-
cal method to read the polarization of a vortex did not exist. The discovery
of topological Hall effect may allow us to rethink the different possibilities of
implementing vortex MRAM devices.
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Figure 6.9: Evolution of vortex at each stage of the dynamics.
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Figure 6.10: Graphs of Mz vs polarization.
Chapter 7
Further Work and Conclusion
7.1 Conclusion
The topological Hall effect is a physical phenomena originating from quantum
mechanical properties like spin and Berry’s phase. These are properties that we
are only just beginning to be able to manipulate. We originally studied the effect
without any specific application in mind, but upon deducing the consequences
of the theory, we found a very simple and useful result.
We found that the polarization of a vortex magnetization profile may be
deduced from a simple Hall measurement. This result gives us a new way to
probe the property of a vortex state. Previous proposals to manipulate vortices
relied solely on the dynamics of their interactions with incident magnetic fields
and alternating currents as it was the only aspect of vortices that we understood.
Realizing the significance of this result, we set forth to work out implica-
tions in detail. This included the magnitude of the effect in our proposed vortex
MRAM device. We found that although the signal is small, it is not beyond the
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realm of detection.
The derivation of the topological Hall effect however is based on a set of
assumptions that might not be absolutely true. This is the assumption that the
spin of conduction electrons are totally aligned with the magnetization of the
permalloy disc at every point. Such an assumption may only be valid in a lim-
ited number of materials, namely materials whose energy difference between
the aligned and anti-aligned spin states were great enough compared with the
temperature that the Fermi distribution of electrons into the two spins would
not result in too significant a number of conduction electrons in the anti-aligned
state to cancel out the topological Hall effect.
The observation of this theory is yet to be verified, and we expect to find
it in dilute magnetic semiconductors which have a large enough spin dependent
band gap.
7.2 Further Work
In this thesis, we made very specific predictions of the properties of Hall con-
ductivities in vortex magnetic structures. We have also computed the magnitude
of the effect and discussed where the theory might be valid. This was done with
the intention to bring the subject from the realm of a theory to that of concrete
physical quantities that is more easily understood. The most direct follow up
work that can be done is the verification of these predictions.
Along with properties of the topological Hall effect, we have also inves-
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tigated a purely electrical method of imposing vortex polarization. Although
such a capability is very easy to conceive, it has not been pursued because there
has previously been little motivation for lack of a complimentary purely electri-
cal method of measuring the polarization of a vortex. We hope that by bringing
this potential capability to light, we would motivate studies into this simple idea
of an electrical manipulation of vortex polarization. Perhaps the coincidence of




Differential geometry is the construct for handling quantities in a manner that
is independent of coordinate systems. As the physical quantities are naturally
not dependent on the set of coordinate we impose on it, it is an essential tool
for modeling physical systems, expecially those that involve the interaction of
physical fields as in the case of the electron wavefunction interacting with the
magnetization field that we are attempting to comprehend.
Differential geometry is helpful for understanding properties like the reg-
ular and Hall conductivities that we observe in condensed matter systems. This
system involves a current passing through a conduction medium, which is ex-
actly what we need to model in our derivation of the topological Hall effect.
The wavefunction of the electron in the current obey certain laws, and it is
through these laws that non-trivial properties can be modeled using differential
geometric elements like parallel transport and curvature.
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Figure A.1: Overview of the elements in differential geometry that we require
to derive the topological Hall Effect.
In Figure A.1, we give the main ideas that we require from differential
geometry to model physical systems. The first of these elements are the base
manifold and the fiber space.
A.2 Base Manifold
Figure A.2: Illustration of a manifold that depicts a space with a projected
coordinate system imposed on the area bounded by the dotted lines (neighbour-
hood).
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Intuitively, a manifold is the space upon which the physical effects occur.
It is like the canvas for a painting, the rooms in a building or the streets in
a town. In order to refer easily to elements in this space, we assign labels
to them, like we give addresses to buildings or numbers to streets and rooms.
However, the points in the space exist independently of these labels, and they
are the same thing whatever label one assigns to them. This is the key idea
behind differential geometry.
Mathematically, a manifold is a space that is locally the same as (isomor-
phic to) Rn. Being ’locally isomorphic to Rn’ means that on any sufficiently
small portion of the manifold, the space looks like an n-dimensional real space,
and we can uniquely assign each point of this space to a set of n real numbers.
The base manifold in our case is simply the conducting material.
A.2.1 Charts
Figure A.3: A chart x : U → Rm of a portion of a manifold U onto the cartesian
space Rm. Here, m is the dimension of the manifold M .
A requirement is imposed for assigning points on the manifold to a co-
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ordinate system - points close together on the manifold have to be assigned
coordinates that are close together in the Cartesian coordinate system as well.
This requirement mirrors the way that we would naturally lay a coordinate sys-
tem, and formally restricts the number of ways that a manifold is mapped by
charts onto a Cartesian coordinate system. However there are still many differ-
ent ways to make the assignment about a given area, for instance, a person at
a point on the manifold is still at liberty to choose the direction in which the
different numbers increase (the basis of the charts).
This requirement is encapsulated in the following expression between















In general, it may not be possible for a single chart to properly cover a
whole manifold. Under such circumstances, multiple charts are used to identify
points on the manifold, and whenever two charts overlap, they have to satisfy
the expressions in Eq. A.1.
A.2.2 Tangent Vector
The tangent vector is the first physical quantity to be derived from a manifold.
Tangent vectors are defined individually at each point, and they provide a way
to express a direction along the manifold from the point. As a physical quan-
A.2 Base Manifold 94
Figure A.4: Lines of latitudes and longitudes on the world atlas that is an ex-
ample of a chart.
tity, the tangent vector exists independent of the numbers used to represent it.
However as it is derived from a manifold, the representation of a tangent vector
is related very closely to the chart layed upon the manifold. A tangent vector is





with vector components wi, and bases ∂
∂xi
. The bases can be understood as
the directions along which the different components of the charts increase. For
instance, on a world atlas charted by the longitudes and latitudes that we are
familiar with, at any point on the globe ‘East’ is the direction of increasing
longtitude, and ‘North’ is the direction of increasing latitude. As an aside, we
mention that there are two points on this chart that are not amenable to such a
labeling of directions - they are the north and south pole. This illustrates how
the sphere is an example of a manifold that cannot be mapped uniquely by a
single chart.
When two charts overlap, the tangent vector expressed in the basis gen-
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As the tangent vector exists independently of the basis used to express it,




















The basis vectors ∂i and the component vectors wi are tensors as they
obey the tensor transformation laws (A.5) and (A.6).
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Manifold (Space) Fiber (Physical Quantity)
Points on the earth’s surface Wind direction (tangent space)
3D Euclidean E- & B- fields
4D Space-time Klein-Gordon Field, and other
fields in QFT.
Spatial position of point in a 2D DMS Electron spin wavefunction
Brillouin zone Wavefunction
Table A.1: Distinction between a manifold and a fiber in physical systems.
A.3 Fiber Space, Covariant Derivative, Connec-
tion, Parallel Transport
The fiber space is the space at every point on the manifold, to which a physical
quantity is resides. One example is the electric field (which exists as a vector
representing the magnitude and direction of the electric field) at every point on
a 3D space. We present some examples of manifolds and fiber spaces in Table
A.1 to illustrate the distinction between a fiber and the manifold.
One issue when dealing with fiber spaces is the problem of comparing two
physical quantities at different points of the manifold. For example, what does
it mean when we say that the wind directions at two different points of the earth
are the ‘same’? There is no inherent mathematical property that determines this
‘same’ness or similarity.
For example if the wind directions at two different points on the earth’s
surface were both pointing north (for clarity we call the wind direction at the
first and second points α and β respectively). The vectors representing the wind
direction at these two points would then be α = ( 10 ) and β = ( 10 ). If we now
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took away the lines of latitude and longitude and chose to rechart the earth with
the north and south pole located opposite to each other but at some other points,
and we call the vectors representing the same wind directions under the new
coordinate system α′ and β′ respectively, the numbers representing the same
wind directions at the different points will in general not even be the same, i.e.
α′ 6= β′, even though α = β = ( 10 ) in the old coordinate system.
Similarity between two fibers at different points is hence arbitrarily de-
fined. This degree of freedom is the medium through which the physics of a
problem can enter a mathematical framework by relating the mathematics of
parallel transport with the physics of adiabaticity. We will illustrate this in a
couple of examples of the Aharanov-Bohm effect and the Karplus Luttinger
theory in Section B.
One can begin comparing quantities at different points from with those
that are close together. Using the topological Hall effect as the example, the
fiber in this case is the electron wavefunction represented by C2, and the mani-
fold is simply 2D DMS material. i.e. the quantity ψ on the point x is given by
a pair of complex numbers ( αβ ):
ψ(x) = ( αβ ) (A.7)
e.g.
ψ(x1) = ( 12 )
ψ(x2) = ( 03 )
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The simplest way to define two quantities as being the same is when all
the numbers representing them match. Since this is as good a definition as
any other, we assert that in some special coordinate system of the fiber, two
neighbouring quantities are the same if and only if the vectors representing




ψα(x) = 0 (A.8)
where wi ∂
∂xi
is the direction between the two neighbouring points.
However, coordinate systems of the fiber space need not be in this con-
venient direction. When they are not, one can always transform the general




Putting these together, we get the expression for the covariant derivative in any
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ψα = 0 (A.14)
Dwψ = 0 (A.15)
The operator on the LHS is the covariant derivative, Dw, and is the cor-
rection to the regular derivative in light of the difference between the general


















Hence we have defined the connection, parallel transport here. This is




Curvature, and the Aharonov Bohm
Effect
Figure B.1: Aharonov Bohm Effect. Left: The experimental set up. Right: The
graph of resististance vs. applied magnetic field.13
The Aharonov Bohm effect is an example of a connection that arises out
of a physical theory. The effect can be interpreted as the adiabatic transport of
an electron through an electromagnetic field, with the connection governing the
100
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evolution of the electron wavefunction over its path.
In this case, the electron wavefunction, ψ, is an element of the fiber space,
and the electromagnetic vector potential is the connection. In this case, the fiber
space is the one component complex space, ψ ∈ C1, and the connection is also a
one component complex number. The wavefunction of the electron as it travels
through the ring satisfies the parallel transport equation,
wµDµψ = 0 (B.1)
or
wµ(−i~∂µ + eAµ)ψ = 0 (B.2)
along the entire path, where w at each point is the direction in which the
electron is travelling.
Transmission is dependent on the wavefunction of the electron interfering
constructively, i.e. transmission amplitude follows the equation
T = |ψ(1) + ψ(2)|2 (B.3)
where ψ(1) and ψ(2) are the electron wavefunctions upon traversing the two
routes. They satisfy the parallel transport equation over the entire path. So to
compute ψ(1) and ψ(2), use the fact that

















































To relate the transmission to curvature, we word out the expression for trans-















Since Aµ is real, we note that the complex conjugate of C1 and C2 are
C∗1 = −C1, C∗2 = −C2. (B.12)
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So the expression for the transmission becomes
T = |ψ1 + ψ2|2 = (ψ1 + ψ2)(ψ1 + ψ2)∗
= (ψ(0)eC1 + ψ(0)eC2)(ψ(0)eC1 + ψ(0)eC2)∗
= (ψ(0)eC1 + ψ(0)eC2)(ψ(0)e−C1 + ψ(0)e−C2)
= ψ(0)2
(




















































We can easily arrive at the expression for quantized flux from here - by using
Stokes theorem to express the integral around a loop as surface integral of the
curl ofA, we get the expression in terms of the magnetic field,B.
Here, we explicitly see the notion of curvature as contributing to the dif-
ference in wavefunction as it is parallel transported around a loop. We have
also seen how it can arise from Stokes theorem, and how it is ultimately related
back to the transmission intensity.
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B.1 Curvature of Fiber Space
Now that we have demonstrated an example of a curvature for the case of the
Ai ∈ C1 wavefunction of the electron, we shall compute the curvature more
generally for a multi-dimensional connection Aaib.
We show that the curvature is precisely the difference in the vector v as it
is parallel transported round a loop of sides  (see Figure B.2). This is how the
curvature is physically significant.
Figure B.2: Illustration of the vector v being parallel transported along the sides
of the square of lengths .
The curvature is defined as





Here we shall prove that this definition is consistent with the notion that
the curvature corresponds to the difference of a fiber that is parallel transported
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around an infinitesimal loop. Mathematically, it is embodied in the expression
(∆v)γ = 2F γ12αv
α (B.16)
First, we work out the RHS of Eq. B.16, definition for F γijα:
DiDjv:
Dβjαv





























































































































































jα − ∂jAγiα + [Ai, Aj]γα
)
vα (B.21)




0 ) = Ai ( 00 ) + ∂x1Ai
Ai ( 0 ) = Ai (
0
0 ) + ∂x2Ai (B.22)
Consider parallel transport from ( 00 ) → ( 0 ) → (  ) and ( 00 ) → ( 0 ) →
(  ) , then comparing the difference.
The parallel transport equation is
∂µv
β + Aβµαv
α = 0 (B.23)
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v1 − v0 (dxµ = ( 0 )):
(v1 − v0)β = −Aβ1α ( 00 ) vα0
vβ1 = (δ
β
α − Aβ1α)vα0 (B.24)
v2 − v1 (dxµ = ( 0 ))
























δγα − Aγ2α − 2∂x1Aγ2α − Aγ1α + 2Aγ2βAβ1α
)
vα0 (B.26)
v3− v0 (dxµ = ( 0 )):
(v3 − v0)β = −Aβ2α ( 00 ) vα0
vβ3 = (δ
β
α − Aβ2α)vα0 (B.27)
v2′ − v3 (dxµ = ( 0 )):

























δγα − Aγ1α − 2∂x2Aγ1α − Aγ2α + 2Aγ1βAβ2α
)
vα0 (B.29)
So, v′2 − v2 ((B.29)− (B.26)):
(v′2 − v2)γ = 2
(





2α − ∂x2Aγ1α + [A1, A2]) vα0 = 2F γ12αvα0 (B.30)
Hence we have proven Eq. B.16 (i.e. we have shown that LHS (B.21) = RHS
(B.30)).
B.2 Adiabatic Processes and the Connection
Adiabatic processes are those in which the state of the system as it traverses
a parameter space is entirely known, and it follows a law that is reversible on
the parameter space. In the case of an electron in an electromagnetic field, the
way that the electron wavefunction changes as it traverses the parameter space
that corresponds with an actual real space is known and derived from the QED
Lagrangian.
The interaction between an electron and an electromagnetic field is em-
bodied in the parallel transport equation, with the electron state being the fiber,
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and the electromagnetic field giving rise to the connection that dictates how the
electron state evolves.
The result of this interaction is the effect of a tunable magnetic field on
the conductivity of an electron through the Aharonov-Bohm set up. We have
illustrated how differential geometry provides a very important mathematical
framework to understand the physical processes in effect. This was applied to
relate the effect of a non-trivial magnetization profile to a non-zero incident
magnetic field in the derivation of the topological Hall effect.
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